HF, DFT and 1IMFT all have occupation and orbital,

Karush—Kuhn—Tucker conditions to solve them all
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Optimization problem

EA[ (6}, (0" Hn}] = X nelanlBlor) + W (0}, (67} {n})

A 1
h = —Evz + Vext

(kl|ba) := [dxlfdxz Dr(x1)@] (x2)w(x, x")pp(x1)ha(x2)

WHF[{o}, {¢7}, {n}] = 2 Zn,ns rs|rs) —EZn,ns rs|sr)

rs rs

WKS[{¢} {Cb } {n} 2 annsWrssr"'Excl: ] EHXC[p]

rs

WM [{g}, {¢"}. {n}] = W[H]




Aufbau-assumption

(B + Oeff[{¢}a {”}])d)k(x) = €k¢k(x)
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How to choose the occupations?
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How to choose the occupations?

Aufbau-assumption
The N orbitals with the lowest orbital energy are occupied.
The other orbitals are empty.
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Aufbau-assumption

(h+ 0 [{6}, {n}])dx(x) = exdu(x)

How to choose the occupations?

Aufbau-assumption
The N orbitals with the lowest orbital energy are occupied.
The other orbitals are empty.

How to deal with degeneracy?
Can the Aufbau-assumption mathematically be justified?
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Minimise E[{¢},{¢*},{n}] with respect to {¢}, {¢*} and {n}
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Minimise E[{¢},{¢*},{n}] with respect to {¢}, {¢*} and {n}
Subject to

(Eklpr) = 0w (& = %)
an =N
K

0<ne<1
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Minimise E[{¢},{¢*},{n}] with respect to {¢}, {¢*} and {n}
Subject to

(Eklpr) = 0w (& = %)
an =N
K

0<ne<1

G. Zumbach and K. Maschke, J. Chem. Phys. 82, 5604 (1985)

“Unfortunately, the conditions 0 < ni <1 cannot be expressed in terms of
Lagrange parameters.”
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Minimise E[{¢},{¢*},{n}] with respect to {¢}, {¢*} and {n}
Subject to

(Eklpr) = 0w (& = %)
an =N
K

0<ne<1

G. Zumbach and K. Maschke, J. Chem. Phys. 82, 5604 (1985)

“Unfortunately, the conditions 0 < ni <1 cannot be expressed in terms of
Lagrange parameters.”

Karush—Kuhn—Tucker conditions
Karush (1939); Kuhn and Tucker (1951)
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Phase invariance

v(x,x") = Zk: nip (x) Pk (x")
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Phase invariance

v(x,x") = Zk: nip (x) Pk (x")

Xk (x)
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Phase invariance

v(x,x") = Zk: nip (x) Pk (x")

Pr(x) = e M xp(x)

_dF g OF dék(x) r,  OF doj(x)

0=—= X + X
dak 8¢k(x) dOék (‘)cb;i(x) dak
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Phase invariance
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Phase invariance
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Phase invariance

v(x,x") = Zk: nip (x) Pk (x")

Pr(x) = e M xp(x)

dF OF  dox(x) OF dg}(x)
dor = X 00e) dar d"&p;(x) duk

—’/d"(¢k(x)a¢k< - )qsk(x))

0=

_ oF t
F i fdx 8¢k(x)¢l(x) =  Fl-F,=0
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A student’s adventure:

y
~
bar h(x,y) =0
o — 0 ——> X
(0] F
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A student’s adventure: part 1

f =dog + dgr
Force balance

VF+AVh=0

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 7/24



Generalisation

b )
subject to hj(x)=0 forj=1,...,1
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subject to hj(x)=0 forj=1,...,1

/
L(x,A)="f(x)+ Z;)\jhj(x)
=
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Generalisation

b )
subject to hj(x)=0 forj=1,...,1

/
L(x,\)="f(x)+ Z;)\jhj(x)
j=

UxL(x,A) =VFf(x)+ ZI:)\thj(x) =0
j=1

hj(x) =0 forj=1,...,/
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g(x,y) <0

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 9/24



The student’s adventure: part 2

© No constraint: £=0
(g(x,y) <0) y
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o F

g(x,y) <0
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The student’s adventure: part 2

© No constraint: £=0
(g(x,y) <0)
@ At the boundary of the

constraints: g(x,y) =0 (£ >0)

Combined into

£g(x,y)=0

£>0

Giesbertz (Klaas)

Aufbau derivation
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iy f(x
subject to gi(x)<0 fori=1,...,m and
hj(x) =0 forj=1,...,1
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iy f(x
subject to gi(x)<0 fori=1,...,m and
hj(x) =0 forj=1,...,1
Lagrangian:

m /
L(x,& ) =f(x)+ Z;figi(x) + Z;/\ihi(x)
i= j=
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Karush-Kuhn-Tucker (KKT) conditions

Dual feasibility

m /
VxL(x,€,X) = VF(x) + Y &Vgi(x) + Y. A\jVhj(x) =0,
i=1 J=1

&3>0 Yi=1,....,m,
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Karush-Kuhn-Tucker (KKT) conditions

Dual feasibility

m /
VxL(Xa&)\) = Vf(X) + Zglvgl(x) + ZAjvhj(X) = 07
i=1 Jj=1

&3>0 Yi=1,....,m,

Complementary slackness

§,-g,-(x):0 A i=1,...,m

v

Primal feasibility conditions

gi(x)<0 Vi=1,...,m and
hi(x)=0 Vj=1,...I
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Failure of KKT

Minimize f(x,y) = —x
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Minimize f(x,y) = —x subject to

y-(1-x)*=gi(x,y) <0
-y =g2(x,y) <0
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Failure of KKT

Minimize f(x,y) = —x subject to

y-(1-x)°=gi(x,y) <0 x=(3%)
—y =g (x,y) <0 X

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 12 /24



Failure of KKT

y
Minimize f(x,y) = —x subject to
y-(1-x)°=g(xy) <0 x=(3)
-y =g2(x,y) <0 VF(%) T
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Failure of KKT

y
Vg1(x)
Minimize f(x,y) = —x subject to T
y-(1-x)*=gi(x,y) <0 x=(3)
-y =g2(x,y) <0 VF(%) -
Vg2(X)
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Constraint qualification

Constraint Qualification (CQ)
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independent.
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linear independence CQ The gradients of the active constraints are linear
independent.

linearity CQ If the constraints are affine (i.e. linear) functions, no further
conditions are necessary.
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Constraint qualification

Constraint Qualification (CQ)
linear independence CQ The gradients of the active constraints are linear
independent.
linearity CQ If the constraints are affine (i.e. linear) functions, no further
conditions are necessary.
other CQs Cottle's CQ, Zangwill's CQ, Kuhn—Tucker's CQ, Slater's CQ,
Abadie's CQ, etc.

v
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Energy Lagrangian

Q[{(ﬁ}’{f*}’n ] :E[{¢}v{§*}7{n}]
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Energy Lagrangian
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Energy Lagrangian

Q[{e}.{€ ), m A€ 1= E[{6}, {1, {n}] = 2o A ((&rlps) = 61s) -
E(Zr: n, — N)

Yo =N = h(n)=>"n-N
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Energy Lagrangian

Q[{e}.{€ ), m A€ 1= E[{6}, {1, {n}] = 2o A ((&rlps) = 61s) -
E(Zr: n, — N)

n,>0 = -n, <0
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Energy Lagrangian

Q[{e}.{€ ), m A€ 1= E[{6}, {1, {n}] = 2o A ((&rlps) = 61s) -
E(Zr: n, — N)

n,>0 = -n, <0 = g-(n))=-n,
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Energy Lagrangian

Qo)A n A e € 1= E[{o} A€} An}] = 2 A ((&lds) = bis) -

e(zr: ny - N) - zr:e(,’nr

n,>0 = -n, <0 = g-(n))=-n,
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Energy Lagrangian

Qo)A n A e € 1= E[{o} A€} An}] = 2 A ((&lds) = bis) -

e(zr: ny - N) - zr:e(,’nr

n-<1 = n—1<0
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Energy Lagrangian

Qo)A n A e € 1= E[{o} A€} An}] = 2 A ((&lds) = bis) -

e(zr: ny - N) - zr:e(,’nr

n <1 = n—-1<0 = gr(n)=n,-1
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Energy Lagrangian

QoY €} m A e, €% €'] = E[{o},{€" ), {n}] = 2 A ({(&rls) = 61s) —
e(zn,—N)—Ze(,)n,+Ze}(n,—1)

n <1 = n—-1<0 = gr(n)=n,-1
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Energy Lagrangian

QoY €} m A e, €% €'] = E[{o},{€" ), {n}] = 2 A ({(&rls) = 61s) —
e(zn,—N)—Ze(,)n,+Ze}(n,—1)

o0
 0¢k(x)
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Energy Lagrangian
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Energy Lagrangian

QoY €} m A e, €% €'] = E[{o},{€" ), {n}] = 2 A ({(&rls) = 61s) —
e(zn,—N)—Ze(,)n,+Ze}(n,—1)

19,9) OE . L
) 0pk(x) B 0ok (x) B zr:)‘quﬁr (X) (So|ut|on. & = ¢r)
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Energy Lagrangian

QoY €} m A e, €% €'] = E[{o},{€" ), {n}] = 2 A ({(&rls) = 61s) —
G(En,—N)—Ze(,)n,+Ze}(n,—l)

19,9) OE . L
) 0pk(x) B 0ok (x) B zr:)‘quﬁr (X) (So|ut|on. & = ¢r)

o0 OE
0= fdx 8¢>k(x)¢'(x) = fdxmgb,(X)—)\k,




Energy Lagrangian

Q{¢},{€"},n, A e,€% €' = E[{0},{€"}, {n}] = 3 Asr((&rlbs) = 61s) -
G(En,—N)—Ze(,)n,+Ze}(n,—l)
o OE . D ex
= Pon(x) " Don(x) —zf:)\krfﬁr(x) (solution: &/ = ¢;)
o0 OE
0= fdx 9or (x) ¢/(X) = fdxmgb,(X)—)\k,
0= fdx«zsk(x)

997 (x)




Energy Lagrangian

QoY €} m A e, €% €'] = E[{o},{€" ), {n}] = 2 A ({(&rls) = 61s) —
G(En,—N)—Ze(,)n,+Ze}(n,—l)

19,9) OE . L
) 0pk(x) B 0ok (x) B zr:)‘quﬁr (X) (So|ut|on. & = ¢r)

0- fax 5o ¢,(x)=[dx£—f)¢/(x)—xk,
0= [axoi0gi0s = [t gz




Energy Lagrangian

QoY €} m A e, €% €'] = E[{o},{€" ), {n}] = 2 A ({(&rls) = 61s) —
e(zn,—N)—Ze(,)n,+Ze}(n,—1)

OE
E,L -E, =0 Ey = fdx m@(")
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Energy Lagrangian

QoY €} m A e, €% €'] = E[{o},{€" ), {n}] = 2 A ({(&rls) = 61s) —
e(zn,—N)—Ze(,)n,+Ze}(n,—1)

OE
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Energy Lagrangian

QoY €} m A e, €% €'] = E[{o},{€" ), {n}] = 2 A ({(&rls) = 61s) —
e(zn,—N)—Ze(,)n,+Ze}(n,—1)

OE
E/L -E,=0 V k=1 Ey = fdx m@(")
o0
0= 2%
8nk
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Energy Lagrangian

QoY €} m A e, €% €'] = E[{o},{€" ), {n}] = 2 A ({(&rls) = 61s) —
e(zn,—N)—Ze(,)n,+Ze}(n,—1)

OE
E/L -E,=0 V k=1 Ey = fdx m@(")
_ o OF €e—€)+ e
- (9”/( ank K k
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Energy Lagrangian

QoY €} m A e, €% €'] = E[{o},{€" ), {n}] = 2 A ({(&rls) = 61s) —
e(zn,—N)—Ze(,)n,+Ze}(n,—1)

OE
E,L - Ek, =0 Vsl Ey = fdx —8¢k(x)¢l(x)
E
g_nkzek er=e+ed—el
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Behaviour of ¢,

— =€ 6k326+62—6k
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Behaviour of ¢,

3 Lo
— =€ €Ex=€+e —€
Bnk k k
>0 ne=0
€20 er(1-ng)=0
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Behaviour of ¢,

OE
— =€ €xi=€e+ed —er
Bnk
>0 ne=0
1 1 _
€k 2 €x(1-nk)=0
ng 62 ei €k

Aufbau derivation Hans-sur-Lesse 2019
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Behaviour of ¢,

3 Lo
— =€k €k =€+ €, —€
e k ~ €k
>0 ne=0
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Is €, an orbital energy?

eii(x) = B [{9}, {n}]oy(x)
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Is €, an orbital energy?

erdi(x) = hM{0}, {n}1oi(x) = (h+ 05 {}, {n}])¢n(x)

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 16 /24



Is €, an orbital energy?

ekOki = hig + Vi {6}, {n}]

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 16 /24



Is €, an orbital energy?

€Okt = hig + Vil {6}, {n}]

E[{0},{n}] = 3 nehyr + W[ {6}, {n}]

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 16 /24



Is €, an orbital energy?

€Okt = hig + Vil {6}, {n}]

E[{0},{n}] = 3 nehyr + W[ {6}, {n}]

Exi = nichig + Wy

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019



Is €, an orbital energy?

€Okt = hig + Vil {6}, {n}]

E[{0},{n}] = 3 nehyr + W[ {6}, {n}]

Ey =nghy+ Wy = EL = nrhy + WI:rI

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 16 /24



Is €, an orbital energy?

€Okt = hig + Vil {6}, {n}]

E[{0},{n}] = 3 nehyr + W[ {6}, {n}]

Ey =nghy+ Wy = EL = nrhy + WI:rI

E/I/ = Eyy = (= mic) hig + (WIII ~ W) =0 Vi

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 16 /24



Is €, an orbital energy?

ekOki = hig + Vi {6}, {n}]
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Is €, an orbital energy?
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Derivation of the Fock potential

WHF[{8}, {n}] = 5 Zn,ns rs|rs) — EZn,ns rs|sr)

rs rs
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awDFT , 5WDFT o /
WoFT =fdxm¢,(x)=fdxfdx PX) %)
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IMFT
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( ) X)
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Conclusions

o Karush-Kuhn—Tucker (KKT) conditions: Lagrange multipliers for
inequality constraints
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Conclusions

o Karush-Kuhn—Tucker (KKT) conditions: Lagrange multipliers for
inequality constraints

@ Derivation of Aufbau

@ Unified derivation of effective one-electron equations for HF, DFT
and 1IMFT
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The HF functional again

WHF[{¢} {”} 2 Z Ny NsWyssr — 2 Z NpNsWrsrs

rs rs

Also valid for fractional occupation numbers?
Lieb showed that EMF > (dg|H|do)

1 ¢1(X1) ¢1(§N)
W )

¢0(X1, .. XN) =

on(xn)
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IMFT

WIMFT - wiy] y(x,x") = zk: Nkpi(x)pr(x")
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